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Abstract 
A one-dimensional finite difference method allowing for anisotropic deformation is used in conjunction with a nonlinear thermoelastic-
viscoplastic material model to compute the shock response of various microstructural instantiations of pure aluminum at peak stresses 
exceeding the Hugoniot Elastic Limit (HEL). Single crystals and layered bi-materials consisting of grains with alternating orientations 
relative to the direction of shock propagation -- specifically [100], [111], or low-symmetry orientations -- are impacted to peak shock 
stresses on the order of 5 GPa. The [111] orientation [111] is observed to be stiffest both plastically and elastically, while the [100] 
orientation is found to be most compliant. Layered bi-materials that only demonstrate pure longitudinal waves exhibit average shock 
stresses, entropy production, and internal energy in between values computed for their single crystal constituents. Layered bi-materials 
that generate both quasi-longitudinal and quasi-transverse waves results in lower peak stresses and higher internal energy than their single 
crystal constituents. In bi-material systems, stress fluctuations decrease in frequency with increasing layer thickness, and peak stress 
amplitudes increase with layer thickness.  Average dissipation depends on orientation but is relatively insensitive to layer thickness. 
Results of the computational method may ultimately be used to guide design of metallic systems with microstructures tailored for optimal 
impact resistance. 
© 2015 Published by Elsevier Ltd. Selection and/or peer-review under responsibility of the Hypervelocity Impact Society. 
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1. Introduction 
Ordered, functionally graded, and composite materials have been employed extensively to control the propagation and 
dissipation of intense shock waves [1, 2]. Shock waves that pass through heterogeneous material systems undergo additional 
dispersion and dissipation when compared to conventional homogeneous material systems as a result of property (e.g., 
impedance) differences among layers and behavior of interfaces between layers [1, 2].  The geometry of a heterogeneous 
material system, wherein individual components have drastically varied local properties, can potentially be optimized for 
given loading conditions to maximize the benefits that each subsystem engenders, such as strength or ductility, while 
minimizing the deleterious aspects of each subsystem, such as a tendency towards localized structural failure. 
Heterogeneous material systems are often manufactured by combining multiple materials of differing physical/chemical 
composition to create a composite, layered-typed structure [2, 3].  Alternatively, a heterogeneous material system can be 
realized by a single material (e.g., one kind of metal, ceramic, etc.) that possesses a spatially varying, ordered 
microstructure. By using a single material, potential difficulties associated with fabrication of multi-material systems, such 
as maintenance of ideal interfacial coherency, for example, may be bypassed. 
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Conventional pre-processing routes for pure metals have generally been concerned with control over global/average 
properties such as grain size, grain orientation distribution, and dislocation substructure. However, for non-uniform stress 
states encountered in shock loading, an additional parameter is of interest: spatial variation of local properties. It is 
postulated that the spatial variations of the grain size and orientation distribution can be utilized as microstructural design 
features that can alter the dispersive as well as dissipative characteristics of the shock response of metals in a similar fashion 
to what is observed in layered multi-material systems [1, 2].  The response of various candidate microstructural 
instantiations predicted by a computational framework can be used as a guide for focused experimental characterization, 
reducing the required number of costly shock physics experiments (e.g., plate impact tests).  
Recently, a micromechanics-based, thermoelastic-viscoplastic constitutive model has been developed and compared 
extensively with single crystal aluminum shock data for peak shock pressures ranging from 2-110 GPa [4-8]. The 
thermoelastic material response utilizes an expansion of the internal energy up to third order in material Eulerian strain and 
second order in entropy change. Single crystal thermoelastic constants from the literature [9] are used to retain the full 
extent of single crystal elastic anisotropy inherent in the thermoelastic response. The viscoplastic material response is based 
on the evolution of the mobile and immobile dislocation densities on each slip system, the glide and generation of these 
dislocations, and their geometric contribution to strength [5, 10]. Because this model can take into account the initial 
dislocation distribution as well as the orientation of individual crystals, it can be used to explore the shock response of 
various instantiations of spatially ordered polycrystalline metals.  
The finite difference approach to modeling shock wave propagation involves discretization of the solution domain in 
both space and time.  Applications of finite difference methods towards descriptions of wave propagation in metals include 
[4, 11-13]. Advantages of the method developed in [4, 8] include the following: crystals of any symmetry and orientation 
can be studied (i.e., transverse waves are captured), material properties may be heterogeneous in the (longitudinal) direction 
of wave propagation, and sophisticated rate- and temperature-dependent crystal plasticity models are enabled.  Relative 
disadvantages (compared to plane wave simulations [5, 6]) are the time required for calculation of solutions and the need for 
artificial viscosity to regularize the shock width in the overdriven regime [8]. 
In the current work, this one-dimensional finite difference method allowing for anisotropic material response [4, 7] is 
used to compute the shock response of various microstructural instantiations at peak stress levels exceeding the HEL (i.e., 
regimes involving both elastic and plastic waves). These specific microstructural instantiations include layered bi-crystal 
systems consisting of single crystals of various “hard” and “soft” orientations with respect to the direction of plane wave 
propagation.  Besides orientation, layer thickness is another design variable explored presently. From simulation results, 
effects of microstructure on potential design metrics such as plastic wave profiles, average shock dissipation, and average 
stored (internal) energy in the system are analyzed. The material of study is pure aluminum [Al, face centered cubic (FCC) 
structure], advantageous (e.g., to lower stacking fault energy metals) since it typically does twin which would require more 
elaborate constitutive theory [14] than that herein, and because of the extensive characterization/validation data available for 
its thermoelastic/shock response [9, 15].   
The remainder of this paper is outlined as follows.  The finite difference model is described in Section 2, including 
governing equations, constitutive theory and parameters, and numerical methods. Because model details have been 
described at length in prior publications [4-8], only essential features are summarized here. Numerical simulations, 
including microstructures and boundary conditions, are then discussed in Section 3.  Simulation results are analyzed in 
Section 4. Concluding remarks follow in Section 5.   
  
2. Crystal Thermoelastic-viscoplastic Theory and Finite Difference Model 
The finite difference model implemented in this paper incorporates constitutive theories for nonlinear anisotropic 
thermoelasticity and crystal plasticity described in detail in [4, 5, 7]. Let 0  and denote material and spatial gradient 
operators, and let ( , ) tx x X denote spatial coordinates of a material point initially at X . The deformation gradient is 
decomposed into thermoelastic and plastic parts: 
 0 .   E PF x F F   (2.1) 
Let  υ x  be particle velocity. The spatial velocity gradient is 
 1 1 1      υ E E E P EL FF F F F L F   (2.2) 
Local continuum balances of mass, momentum (no body force), and energy (no heat transfer) are [7, 16] 
 0 0 0, , : .U U U     υJ UP P F   (2.3) 
Here, ρ0 and ρ are initial and current mass densities, det ,  E PJ J J F P is first Piola-Kirchhoff stress related to symmetric 
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Cauchy stress by V  TJP F , and U is internal energy per unit reference volume.  
Thermoelastic potential U depends on entropy per reference volume η and elastic Eulerian material strain ED : 
 11 ( ).
2
  E E E TD 1 F F   (2.4) 
Strain measure ED is used here rather than elastic Green strain (the standard finite strain measure invoked in finite crystal 
plasticity theory [5, 13, 17, 18]) or logarithmic material strain [19]. As shown in [4, 20, 21], Eulerian material strain ED is 
advantageous to Green strain for modeling large elastic compression of anisotropic crystals  since a cubic polynomial 
representation of internal energy in ED naturally leads to rapidly increasing pressure and stiffness with finitely decreasing 
volume.  In contrast, fourth-order elastic constants are needed to accurately model overdriven shocks in single crystalline Al 
when the elastic Green strain is used [5-7]. Letting Greek indices denote Voigt notation, internal energy is specified as 
 0
1 1( , ) [ ( )].
2 6DE D E DEG D E G D D
K T K K   * '  'E E E E E E EU C D D C D D D D fD   (2.5) 
 
Second- and third-order isentropic elastic constants are Cαβ and Cαβδ; the Gruneisen tensor is Γα; the reference temperature is 
θ0; Δη is entropy change from the reference state; and thermal energy is 
 20 0
1exp( / ) 1 ( ) / ,
2
K K K '  | '  'f c c   (2.6) 
with c0 the specific heat per unit volume at constant strain. Stored energy of defect substructure is omitted in (2.5) but could 
be incorporated following methods outlined in [7, 17, 18].  Such an assumption is thought reasonable for pure Al, wherein 
over 90% of plastic work has been measured as dissipated as heat contributing to temperature rise [22]. Cauchy stress and 
temperature obey the constitutive laws [4, 20] 
 1 1( / ) / .T K   w w  w wσ E E T E EJ U UF D F   (2.7) 
Thermoelastic properties for aluminum are listed in Table 1 [4].  For crystals of cubic symmetry, ΓIJ = ΓδIJ. 
Table 1. Thermoelastic properties of Al at 300K. 
Property Value Units 
C11, C12, C44 106.7, 60.4, 28.3 GPa 
C111, C112, C123, C144, C155, C456 205, -73, 36, 98, -59, 55 GPa 
Γ 2.30 - 
c0 2.35 MPa/K 
ρ0 2.71 g /cm3 
 
The plastic velocity gradient is, summing over slip systems k with initial slip direction ks and plane normal km , 
 1 ( ) .   ¦P P P k k k k km h
k
b N v N xL F F s m   (2.8) 
Here, the magnitude of the Burgers vector is b, the mobile dislocation density is kmN with glide velocity
kv , and the 
homogeneous dislocation density rate is khN with mean generation displacement x .  For FCC Al, slip occurs on up to k = 1, 
2, …, 12 {111}<110> systems, and the corresponding ambient shear modulus is 0 44 11 12 44( 2 ) / 3P    C C C C , leading to 
an initial shear wave velocity of 0 0/P U sc . In the model, sc and P  are also updated with temperature and elastic strain 
[5]. The total dislocation density for system k is  k k km iN N N , where kiN is the immobile density. Letting  1:W  k E k k Eσ F s m F denote the resolved Cauchy stress on system k, evolution equations are [4] 
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Density rates corresponding to homogeneous nucleation, heterogeneous nucleation, multiplication, annihilation, and 
trapping are labelled by obvious subscripts. Densities of forest and parallel dislocations are, respectively, 
 | ( ) |, | ( ) | .  u  u u¦ ¦k l k l l k l k l lf p
l l
N N N Nm m s m m s   (2.10) 
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Dislocation velocities are controlled by the following relations [4, 5] that involve physics of thermal activation at low stress 
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Parameters entering (2.11) are compiled in Table 2 [4]; for a more thorough description of the dislocation density based 
framework for slip, see [4, 5, 7]. 
Table 2. Viscoplastic properties of Al at 300K. 
Property Definition Value Units 
b Burgers vector 0.286 Nm 
N0k Initial dislocation density 0.56 1/μm2 
f0 Initial mobile dislocation fraction 0.3 - 
k
hN  Homogeneous generation factor 7.2 x 10
7 1/(μm2 μs) 
g0hom Homogeneous generation parameter 0.04125 - 
τ0hom /μ0 Homogeneous generation stress 0.05 - 
χ Homogeneously generated mobile dislocation fraction 0.08 - 
x / b Homogeneous generation displacement 13.3 - 
αhet Heterogeneous generation factor 320 1/μm2 
m Heterogeneous generation exponent 0.8 - 
τmin /μ0 Heterogeneous generation lower bound 0.004 - 
τmax /μ0 Heterogeneous generation upper bound 0.04 - 
pmul  Multiplication probability 0.088 - 
αann Annihilation factor 0.25 - 
αtra Trapping factor 0.051 - 
αpass Passing strength factor 0.1 - 
αcut Cutting strength factor 0.9 - 
νG Obstacle attempt frequency 1 x 105 1/ μs 
B0 Drag coefficient 18.0 Pa μs 




The present finite difference scheme permits particle displacements in all three Cartesian directions, but variations (i.e., 
gradients) in displacement and velocity are permitted only in the direction of wave propagation denoted X1, leading to the 
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F   (2.12) 
 
Balances of momentum and energy are often augmented with a scalar artificial viscosity q; correspondingly, from (2.2) and 
(2.3), for deformation of the form (2.12), 
 1 1 0 1 1 1 1 1 1 1/ / , ( / ) / ( / ) , / ( ) .X U X G Gw w  w w w w  w w  w w w w  i i i i i i i iF t X t P X q X U t P q F   (2.13) 
Letting subscripts followed by commas denote spatial discretization indices and superscripts denote temporal discretization 
indices, Δt and ΔX1 the fixed time step and grid spacing, Equations in (2.13) are discretized as [4, 8] 
 
1 1/2 1/2
1, 1/2 1, 1/2 , 1 , 1
1/2 1/2 1/2 1/2
0 1, 1/2 1/2 1 1, 1/2 1/2 1 1
1 1 1
1/2 1/2 1, 1/2 1, 1/2 1/2
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[( ) / 2
X X
U X X G G
  
  
   
   
  
    
 '   '
 '  '    '
   
n n n n
i i i i i i i i
n n n n n n
i i i i i i i i i i
n n n n n
i i i i i i i
F F t X
t t P q P q X
U U P P q /2 11 1 1][ ].G  n ni i iF F
  (2.14) 
 
The artificial viscosity (linear + quadratic contributions) used in the finite difference simulations is computed as [4, 8] 
 1/2 1 1/2 1/2 21/2 1/2 1/2 1 1, 1/2 2 1, 1/2
1 ( )( | | | | ),
2
U U X X         '  'n n n n ni i i l i iq a c a   (2.15) 
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with 1/2 1/2 1/21, 1/2 1, 1 1,X X X   ' ' 'n n ni i i , cl the longitudinal linear elastic wave speed, a1 = 0.06 and a1 = 2.0. During 
expansion/rarefaction ( 11/2 1/2 0U U  n ni i ), q = 0; note that condition q ≥ 0 follows from (2.15). 
3. Finite Difference Simulations 
    Seven simulations are listed in Table 3. Four layered microstructures are considered. Two of these consist of alternating 
layers of [100]- and [111]-oriented grains of thickness 10 or 100 μm.  Two consist of alternating [111] and low-symmetry 
layers, wherein the latter the crystal is rotated from the reference frame via Bunge angles φ1 = 43.7˚, Φ = 49.26˚, and φ2 = 
132.8˚. For low-symmetry cases, transverse waves are generated, whereas [100] and [111] are pure mode directions in cubic 
crystals resulting in purely longitudinal elastic and plastic waves under planar impact. Two of the remaining three cases 
consider single crystals of orientations [100] and [111], which are of particular interest since they correspond respectively to 
smallest and largest longitudinal elastic wave speeds, as is clear from Figure 1. Finally, one simulation is performed on a 
single crystal with low symmetry orientation, which produces quasi-longitudinal and quasi-transverse waves. In all cases the 
shock is generated by longitudinal plate impact of a semi-infinite a-sapphire (i.e., X-cut crystal) impactor traveling at 435 
m/s, leading to a peak longitudinal stress magnitude on the order of 5 GPa, significantly exceeding the HEL of pure Al 
which is on the order of 0.1 GPa [5].  The sapphire is modelled via isentropic thermoelasticity with an internal energy 
potential third order in elastic Green strain and elastic constants from [23]. The total thickness of the Al sample is H = 4 
mm. 
Table 3. Finite difference simulations and shock characteristics. 
Orientation(s) Layer thickness [μm] Number of Layers Mean dissipation K  [mJ/(mm3 K)]  Mean Energy U [mJ/mm3] 
[100] 4000 1 3.434 x 10-2 14.346 
[111] 4000 1 4.472 x 10-2 14.453 
low sym 4000 1 4.046 x 10-2 14.447 
[100]/[111] 100 40 4.045 x 10-2 14.427 
[100]/[111] 10 400 3.986 x 10-2 14.412 
[111]/low sym 100 40 4.143 x 10-2 14.506 
[111]/low sym 10 400 4.035 x 10-2 14.483 
 
 
Fig. 1. Inverse pole figure showing longitudinal elastic wave speed cl [km/s] in single crystal Al. 
4. Results and Discussion 
    Longitudinal stresses (–P11, positive in compression) are shown in Figures 2 and 3, with parts (a), (b), (c), and (d) 
showing the full wave profile, shock rise, plastically shocked state, and shock release, respectively. As is evident from 
Figures 2(a)-2(c) and Figures 3(a)-3(c), longitudinal stresses tend to be largest in [111] crystals, the stiffest orientation both 
elastically and plastically. In release [e.g., Figure 2(d)], stresses tend to be lowest for the [111] orientation. The most 
interesting behavior concerns the fully plastically shocked state, Figures 2(c) and 3(c), wherein differences among wave 
profiles become most apparent. For layered microstructures, a reduction in layer thickness leads to an increase in frequency 
of stress oscillations. Peak amplitudes about the mean are increased by increasing the layer thickness. In particular, for 
thicker 100 μm layers, amplitudes of oscillations may fall outside lower and upper bounds of [100] and [111] single crystals 
[Figure 2(c)]. When bi-material layers are composed of individual crystals that result in only longitudinal waves, the bi-
material shocked response oscillates close to the mean of the shocked behaviour of the two crystals [e.g., Figure 2(c)]. 
However, when bi-material layers are oriented such that quasi-longitudinal and quasi-transverse waves are generated, 
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oscillations occur about the weaker of the two orientations [e.g., Figure 3(c)].  
Two logical performance metrics for impact resistant structural components include dissipated and stored energy. For 
example, a structure highly resistant to deflection or penetration by a projectile must be able to dissipate and/or store the 
kinetic energy imparted by the projectile to the structure upon impact. Here, average dissipation (entropy) and average 
internal energy as reported in Table 3 are computed as 
 1 10 0 0 0  
1, , 1  K K  ³ ³ ³ ³s st L t L
s s
dX dt U U dX dt
t H t H
  (4.1) 
where a and b are two points chosen in the steady shocked state. Values shown in Table 3 imply that entropy production and 
internal energy are not strongly affected by layer thickness. However, dissipation is influenced by crystal orientation, 
especially for single crystals. For example, dissipation in [111] and low symmetry oriented crystals exceeds that in [100] 
crystals by ≈ 30% and ≈ 17%, respectively. For bi-material systems that demonstrate pure longitudinal wave propagation, 
entropy production and internal energy values are in between those of their single crystals constituents. For lower symmetry 
layered systems that demonstrate quasi-transverse waves in conjunction with quasi-longitudinal waves, the internal energy 
may exceed that of either of the individual constituents.  
5. Conclusions 
Finite difference simulations invoking an anisotropic, nonlinear elastic-viscoplastic crystal model have been described. 
Single crystals and layered bi-materials consisting of grains with alternating orientations ([100], [111], or low-symmetry) 
have been subjected to peak shock stresses on the order of 5 GPa. Key results are summarized as follows: the [111] 
orientation is stiffest both plastically and elastically, while the [100] orientation is most compliant; layered microstructures 
that only exhibit longitudinal wave propagation demonstrate average stresses, dissipation, and stored energy in between 
values computed for their single crystal constituents; layered microstructures that generate quasi-longitudinal and quasi-
transverse waves demonstrate average stresses lower than,  and stored energy higher than, those of their individual 
constituents; for bi-material systems, stress fluctuations decrease in frequency with increasing layer thickness, and peak 
stress amplitudes increase with layer thickness; and average dissipation is relatively insensitive to layer thickness, but does 
depend on crystallographic orientation. The present results (or trends in these results) may serve as a useful initial dataset 
for guiding design of layered metallic systems for improved or even optimal impact performance. Additional studies are 
needed to quantify whether or not these results hold for higher pressures, such as those approaching or exceeding the 
overdriven shock regime. Increased pressures may diminish the relative importance of orientation-dependent material 
strength; however, differing thermoelastic and viscoplastic responses between crystals with varying orientations may assist 
in destabilizing the overdriven shock.  
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(a)     (b)  
(c)     (d)  
 
Fig. 2. Response of bi-material layers of alternating [100] and [111] crystals 10 or 100 μm thick, compared to [100] and [111] single crystals. The response 
is quantified by showing (a) the entire wave profile as well as (b) the rise, (c) the shocked state, and (d) the release.  Impact is by an a-sapphire flyer 
traveling at 435 m/s. Data is recorded 3 mm from the impact surface in a 4 mm specimen.  
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(a)     (b)  
(c)     (d)  
 
Fig. 3. Response of bi-material layers of alternating and low symmetry crystals (angles in Bunge notation: φ1 = 43.7˚, Φ = 49.26˚, and φ2 = 132.8˚) 10 or 
100 μm thick, compared to [111] and low symmetry single crystals. The response is quantified by showing (a) the entire wave profile as well as (b) the 
rise, (c) the shocked state, and (d) the release.  Impact is by an a-sapphire flyer traveling at 435 m/s. Data is recorded 3 mm from the impact surface in a 4 
mm specimen.  
 
